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Brainbox

Chapter 07

INDEFINITE INTEGRAL

TYPES OF INTEGRATION:

e If b?—4ac<0, then

dx 2 [ 2ax+b j
J. 3 = Tan +k
ax’ +bx+c  \Jaac—b? Jdac-b
e If b>-4ac<0, then

Ax+B 2(2aB—-bA)__ . ( 2ax+b
jz—d :—Iog‘ax +bx+ |+ 2 ——LTan™| -—— |+k
ax“+bx+c  2a Av4ac b’ V4dac —b?

e If b2—4ac>0,then _Ax+B has partial fractions.

ax® +bx+c
After resolving partial fractions we can find
'[—;A‘XJF 2 dx.
ax“ +bx+c

e If a>0,b*>—-4ac<0, then
I dx :ismrﬁ( 2ax+b J
Jaxi+bx+c +a J4ac —b?
e If a>0,b>—4ac>0, then
2ax+b ]

'[\/ax +bx+c \/_ h{ —4ac

e If a<0,b>—4ac>0, then

e ﬁ' 7=

= Ax+B \/m+2a8 bA
J‘\/ax +bx+c 2a I\/ax +bx+c

/ 2
° Imdx (2ax+b ax’ +bx+c 4ac b dx

J.\/ax +bx+c

Iacosx+bsinxd _ac+bd ad-bc

. X= 2 2 2
ccosXx+dsinx c-+d c?+d?

—log|ccosx+dsinx|+c

INDEFINITE INTEGRAL CLASS Xl



If a>b then

I D53, b 21 122 Tan™ —‘a_btan5 o
a+bcosx /32 _p? a+b 2

If a<b then

I =1 IOg\/b+a+\/b—atan(x/2)JrC
at+bcosx p?_a? |vb+a-b-atan(x/2)

If a>0,a>b, then
| gR Tan‘l[bJratan(X/z)}Lc

a+bsinx /a2 _p? Ja? b2

If 0<a<b, then
6o il atan(x/2)+b—+/b* - |
Ia+bsinx_ b’-a® |atan(x/2 +b+\/b27‘
If a>b,a®>b?+c? then
| dx ¥ 2 Tanl{(a_b)tan(X/z)JrC}Lk
a+bcosx+csinx /a2 —p?_c? Jai—p?—¢?

log

If a>b,a’ <b?+c?, then

J- dx } 1 Iog|(a—b)tan(x/2)+c— P+c —a2|+c
a+bcosx+csinX  yb? +¢?-a? ‘(a—b)tan(x/2)+c+ ‘e —az‘

If a<b, then

J~ dx 8! -1
a+bcosx+csinx  \/p? +¢2—a?

b—a)tan(x/2)—c—+/b*+c?—a?
(b—a)tan(x/2)

(b—a)tan(x/2)—c+b*+c? a2

log

|+k
|

Type-1l:

pPX+qQ
dx
I\/ax 2 +bx+c

(or) j(px+ q)vax® +bx +c dx

)I LU SRR (or)
ax’ +bx +c

then put px+q= Ai(ax2 +bx+c)+B
dx

INDEFINIT
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Example-3:

Evaluatej Gl D dx,xeR
VX2 = 2x +10

Solurion:

Let 2x+5=Ai(x2—2x+1o)+B
dx

2x+5=A(2X=2)+ B ..ccco. @

Comparing on both sides Z=2ZA= A=1
5=—2A+B =—2(1)+B
B=7

f 2X+5 d_jl(ZX 2+7 4
X2 —2x+10 2x+10

:_[ Dipis dx+_[ L dx
X2 =2x+10 VX2 —2x+10

d(x* —2x +1o) v

dx
X2 —2x+10 ‘[\/x _2x+(1)+9

3

=2x*> —2x+1 dx

i
0+7
7] Jx=2)?%+(3)?

J'\/idx sinh™ ( j+c}

_ X2 —2x+10 + 7sinh‘1[XT_1j+C.
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Type- I

J‘ px+q B

N

PX+q

(or) I( PX + g)~/ax +b dx

(o |

dx

(on) J(px+q)\/m

Put ax+b=t2:>dx=12tdt
a

Example-4:

dx ; xe(—1,»)

J‘ 1
(x+2)\/m

Solution:
Put x+1=t> = dx =2t dt

1x 2t

gt s

—2] o b 2Tan*(x+1)+C.

(£ +2)t
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Type-lil:

1
dx;
j(px+q)\/ax2+bx+c

1
put pX+q:E.

Example-5:

Evaluate j

Solution:

Put 1+X=%:>X=%—l:dx=_idt

Consider,

1

1
d
(L+ X)V3+2x—X*

X, xe(-13)

t2

3+2x—x* :3+2(f_1)_(

2

2
1_1)
t

:3+__2_{£2+1_3}
t t t
=3+ ——Z———Z
2+2 1 4 1 4t-1
b el s  Oe e col i
Now j I_l/fdt
: 1+x)\/3+2x x?
Nt
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Type-IV: (Trignometry Rational Form)

Example-6:
1

Evaluate j—

5+4c0s2x
Solution:

2
Put tanx=t then dxziz,COSZX:l—tz,SinX: 2t2
1+t 1+t 1+t

Now,

1 1 dt
bty i
5+ 4c0S2X G e
5+4 >
1+t

=i i fREE L
5(1+1°)+4(1-t*) Lot

_J‘ dt
5+5t* + 4 —4t°
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dt
_-[9+t2

S g TRl =£tan1(£j+c

3+t 3

=1tan‘1(1.tan x)+C
3 3

Example-7:
I A - dx
3cosX+4sin X+ 6
Solution:
20t = 2t (2 4
tan(x/2)=t then dx=——, sinx=—— , cOSX =
(x/2) 11812 bt e 1+t2
_.[ 1 2dt
- . &3
3(1—t2j+4( 2t2j+61+t
1+t 1+t
¥ 142 2 dt
33t +8t+6(1+1?) Let
J' 2 dt
—3t® +8t+6+6t>
I 2dt
3t>+8t+9
ZJ- dt
3 (t2+8t+3)
3
2 dt
zgj
(t)2+2(t).(:j+196—1:+3
_I( 4}2 16+27
3 9
dt
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L L _5
gV |V
.4 3
2 L[ 3t+4
=——1tan +C
V11 j
2 _1 J
= ——tan +C
e lealenn - i
Type-V:
Example-8:

Evaluatd IZcosx+33|nde

4c0s X +5sin x

Solution:

Let 2cosx +3sinx = Adi(4cosx+55in x)+ B(4cosx+55in x)
X

2c0s X +3sin x = A[-4sin x+5¢c0s x] + B(4cos X +5sin x)........... )
Comparing cosxand sinx coefficients.

2=5A+4B —>(2)

3=—4A+5B — (3)

Multiply equation(2) with number ‘-4’
Multiply equation(3) with number ‘5’.

Solving both equations.

-8=— 20A-16B
15=+ 20A+ 25B

+23= +41B
B:§;A=—£
41 41
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| 9

—4sin x +5c0s x)+(f§j (4cos x +5sin x)
dx

—
._.J'Zcosx+33inx de(Mj(

4cos x +5sin x 4cos X +5sin x

1132 —4smx+5c_osxdx+§1 4cosx+/5$'rnfdx
417 4cosx+5sinx 41 Aeos/x+55|nx

:_—zlog|4cosx+5sin x|+§x+c
41 41

REDUCTION FORMULAE:

ax

e n
» 1 :J‘xn e dx,then |, = —x"——1_,
a a

L)

L)

where N is a positive integer

) —sin"*xcosx n-1
1 1, = [sin" dx,then I, = e T
n n

where N is a positive integer

cos"™ xsin x i =1,

o Iy =Icos“ dx,then I =
n n

In—2 .

. tan"* x

I =Itan”dx,then | = 1 -1,
n_

. SHoLR X

‘o If In =5 J.COtn dX,then In :ﬁ— In—2

ec"?xtanx n-2
=+ n-2
n-1 n-1

o It =jsec“ dx,then I, £2i

o If ] =_"(Iogx)n dx,then I, =x(logx)" —nl,,

O L =J‘sinm xcos"xdx then
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H Y

sin™ xcos"™ x (S -1

m,n mn-2

m+n m+n

Example-1:

If 1, =[sin"x dx, then prove that

—sin"*xcosx n-1
A= + |

n n-2

n n

Solution:

In:Isin”xdx ....... @

| =.[sin”‘1xsin X dx
|
1

sin™* xcos

n+l
X

|10

m-1
_+_

m+n

m+n

=sin™" xjsin X dx—J'[(n —1)sin"** x cos xJ'sin X dx]

=—sin" " x cosx —(n—1) .[sin”‘2 X COS X(—C0s x)}dx

= —sin"* x cosx + (n—1) [ sin"? x cos® x dx

= —sin"* xcosx + (n—1)|sin"? x (l—sin2 x) ax

| =—sin""x cosx+(n —l)J.sin”‘2 X dx—(n—l)jsinn X dx

INDEFINITE INTEGRAL

|, =—sin"*xcosx+(n-1)I_,—(n-1)I,
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111
I +(n-=2)I =-sin"*xcosx+(n-1I_,
I [L+n—1]=-sin""xcosx+(n-1)I__,

sin"txcosx n-1
+
n n

I, ,. Hence proved.

Example-2:

If 1, = [tan" x dx then prove that I, =

deduce jtan6xdx.

Solution:

Let, 1, = [tan" x dx
= [tan"? x .tan’ x dx
= [tan" x (sec® x—1) dx
= [ tan"? x sec® x dx— [ tan"* x dx
= [(tanx)"*.d (tan x) - [ tan"" x dx

J.[f (x)]n.fl(x) dx =M+1

n+1
I 3 (tan X)n72+1 z
R e (rd
tan"* x
In :( )_In—z
n-1
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tan® x

J'tan‘sxdx:lez l,

_tan’x tan3x_I
5 gy =%

_tan’x  tan’x
5

+tanx—1,+C

tan®x tan®x

jtansxdx: +tanx—x+C.
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